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Abstract. The paper extends the results given by M.Křížek and L. Somer, On a connec-
tion of number theory with graph theory, Czech.Math. J. 54 (129) (2004), 465–485 (see [5]).
For each positive integer n define a digraph Γ(n) whose set of vertices is the set H =
{0, 1, . . . , n − 1} and for which there is a directed edge from a ∈ H to b ∈ H if a3 ≡ b
(mod n). The properties of such digraphs are considered. The necessary and the sufficient
condition for the symmetry of a digraph Γ(n) is proved. The formula for the number of
fixed points of Γ(n) is established. Moreover, some connection of the length of cycles with
the Carmichael λ-function is presented.
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1. Introduction
In this paper we establish some properties of a digraph Γ(n) connected with the
congruence relation a3 ≡ b (mod n). We show an interesting connection between
number theory, graph theory and group theory motivated by the results of S. Bryant
[1], G.Chassé [3], M.Křížek and L. Somer [5], T.D.Rogers [7] and L. Szalay [9] who
considered a digraph corresponding to the congruence relation a2 ≡ b (mod n).
For n > 1 let
H = {0, 1, . . . , n − 1}.
We can consider a directed graph Γ(n) whose vertices are the elements of H and
such that there exists exactly one directed edge from a to b iff
(⋆) a3 ≡ b (mod n),
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that is, iff b is the remainder of the division a3 by n. As an example consider the
digraph Γ(13) presented below:




Figure 1. The digraph for n = 13
If a1, a2, . . . , at are pairwise distinct in H and
a31 ≡ a2 (mod n),
a32 ≡ a3 (mod n),
...
a3t ≡ a1 (mod n)
then the elements a1, a2, . . . , at constitute a cycle of length t. Let us call a cycle of
the length 1 a fixed point. The cycles of length t are called t-cycles. For instance,






Figure 2. The digraph for n = 11
A component of a digraph is a subdigraph which is a maximal connected subgraph
of the associated nondirected graph (for the definition details see [4]).
The digraph Γ(n) is called symmetric if its set of components can be split into
two sets in such a way that there exists a bijection between these two sets such that
the corresponding digraphs are isomorphic (cf. Fig. 3).
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Figure 3. The digraph for n = 14
2. Structure and properties of the digraph Γ(n)
Denote by indeg(a) the number of directed edges coming to a and by outdeg(a)
the number of directed edges leaving the vertex a ∈ H = {0, . . . , n − 1}. Of course
indeg(a) > 0 and outdeg(a) = 1 by the definition of the function f : H → H , where
f(x) = y iff x3 ≡ y (mod n) (we say that x is mapped into y). For an isolated fixed
point, the indegree and the outdegree are both equal to 1.
We specify two subdigraphs of Γ(n). Let Γ1(n) be the subdigraph induced on the
set of vertices which are coprime to n and let Γ2(n) be the subdigraph induced on
the set of vertices which are not coprime with n. We observe that Γ1(n) and Γ2(n)
are disjoint and Γ(n) = Γ1(n) ∪ Γ2(n). For example, both the first and the second
component of Fig. 3 are Γ1(14) and the last components belong to Γ2(14). It is clear
that 0 is always a vertex of Γ2(n) and for n > 1 the numbers 1 and n − 1 are in
Γ1(n).
The outdegree of every vertex of a digraph Γ(n) is equal to 1. Hence, the number
of components of Γ(n) is equal to the number of all cycles. The cycles can be isolated
(see Fig. 5) or not isolated (see Fig. 1). Besides, for an arbitrary natural t > 1, by
the definition of a cycle and by the properties of the congruence relation (⋆), the
digraph Γ(k3
t
− k) has a t-cycle containing the vertex k.
For example, Γ(n) has a 3-cycle containing the vertex 2 iff
n | 23
3
− 2 = 2 · (213 − 1) · (213 + 1).
Let n = 213−1 = 8191. Then there is a 3-cycle containing the vertex 2 in the digraph
Γ(8191) (see Fig. 4).
8 512
2
Figure 4. The 3-cycle of the digraph for n = 213 − 1 = 8191
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Lemma 1. The numbers 0, 1, n − 1 are fixed points of Γ(n). Moreover, 0 is an
isolated fixed point of Γ(n) if and only if n is square-free.
P r o o f. It is clear that
03 ≡ 0 (mod n), 13 ≡ 1 (mod n) and (n − 1)3 ≡ n − 1 (mod n).










≡ 0 (mod n).
Hence n/p is mapped into 0 and 0 is not an isolated fixed point.
Conversely, if n is square-free then there exists no k, 1 6 k 6 n − 2 such that
n | k3. So, there is no k, 1 6 k 6 n − 1, such that k3 ≡ 0 (mod n) and 0 is an
isolated fixed point of Γ(n). 
Lemma 2. Let 1 6 k, l 6 n − 1. Then
(i) the number k is mapped into 0 (or into 12n for an even n) if and only if n − k
is mapped into 0 (or into 12n for an even n),
(ii) the number k is mapped into l if and only if n − k is mapped into n − l,
(iii) the number k is an isolated fixed point if and only if n − k is an isolated fixed
point,
(iv) the number k is a part of a t-cycle if and only if n − k is the element of some
t-cycle. Moreover, the isolation of one of these t-cycles implies the isolation of
the other.
P r o o f. We can notice that
k3 ≡ 0 (mod n) ⇐⇒ (n − k)3 ≡ 0 (mod n).











So, the statement (i) is satisfied.
Besides, it is not hard to check that
l3 ≡ k (mod n) ⇐⇒ n | l3 − k ⇐⇒ (n − l)3 ≡ n − k (mod n),




≡ k (mod n) ⇐⇒ (n − k)3
t
≡ n − k (mod n).











2n, if n is even,
1
2 (n − 1), if n is odd.






exists t > 1 such that k3
t
≡ k (mod n).
For example, for n = 2, 3, 5, 6, 10, 11, 17 the digraph Γ(n) contains only cycles.







Figure 5. The digraph for n = 10.
We call a digraph regular if the indegree of each vertex is equal to 1. Every
component of a regular digraph is a cycle. A digraph is semiregular if there exists
a positive integer d such that each vertex has either indegree d or 0. The vertices
of Γ1(n) form a group of order ϕ(n) (where ϕ(n) is the Euler totient function) with
respect to the multiplication modulo n. Hence, the number of cubic roots (if they
exist) of any cubic residue in Γ1(n) is equal to the number of cubic roots of 1 modulo
n (see [8]). In the set of vertices of Γ1(n), the number of solutions of the congruence
x3 ≡ 1 (mod n) ⇔ (x − 1)(x2 + x + 1) ≡ 0 (mod n)
is either 1 or some power of 3. In fact, let n = pα for some prime p and α > 1.
If 32 | n or p is congruent to 1 modulo 3, then the number ̺(n) of solutions of the
above congruence is 3. In the other cases ̺(n) = 1.
Moreover, if n is an arbitrary natural number and f is a polynomial with integer
coefficients, then the function
̺f (n) = |{0 6 m 6 n − 1 : f(m) ≡ 0 (mod n)}|
is a multiplicative function.
Besides, the order of the element divides the order of the group. Thus, in the case
3 ∤ ϕ(n), every vertex in Γ1(n) has indegree equal to 1. Let ω0(n) be the number of
distinct primes dividing n which are congruent to 1 modulo 3. Let
ω(n) =
{




Then, for every natural n, the following corollary holds:
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Corollary 1. The digraph Γ1(n) is semiregular if and only if 3 | ϕ(n). In this case
every vertex of Γ1(n) has either indegree 3
ω(n) or 0. In the other case, i.e. 3 ∤ ϕ(n),
the digraph Γ1(n) is regular (each component of Γ1(n) is a cycle). Moreover, if every
component of a digraph Γ(n) is a cycle then 3 ∤ ϕ(n) and n is square-free.
For example, if Fm = 2
2m + 1 is a Fermat prime number, m > 1, then every










Figure 6. The digraph for n = 17.
Conjecture. Let n > 3. Every component of the digraph Γ(n) is a cycle if and
only if 3 ∤ ϕ(n) and n is square-free.
Lemma 3. Let n be an even natural number. Then
(i) (12n)
3 ≡ 0 (mod n) iff 4 | n,
(ii) 12n is a fixed point iff 4 ∤ n.
P r o o f. (i) If n is even and (12n)
3 ≡ 0 (mod n) then n | (12n)
3 and 12n must be
even. Hence, 4 | n.
If 4 | n then 4 | (12n)
3 and n | (12n)
3.
(ii) If 4 | n then (12n)
3 is an even multiple of 12n and (
1
2n)
3− 12n is an odd multiple




Conversely, if 4 ∤ n then 12n is odd and (
1
2n)
3 is an odd multiple of 12n. Hence,
(12n)
3 − 12n is an even multiple of
1
2n and n | (
1
2n)
3 − 12n. 
Let n = 2mpα11 p
α2
2 . . . p
αs
s be the prime power factorization of n, where p1 <
p2 < . . . < ps are distinct odd primes and αi > 1, m, s > 0. The following theorem
gives the formula for the number of fixed points of a digraph Γ(n).













3s, if m = 0,
2 · 3s, if m = 1,
3 · 3s, if m = 2,
5 · 3s, if m > 3.
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P r o o f. The element a, where 2 6 a 6 n− 2, is a fixed point of Γ(n) if and only
if a3 ≡ a (mod n) ⇐⇒ n | a3 − a = (a − 1) · a · (a + 1).
Let n = 2mpα11 p
α2
2 . . . p
αs
s , where p1 < p2 < . . . < ps are distinct odd primes and
αi > 1, m, s > 0. Then every factor p
αi
i can divide a − 1 or a or a + 1, so we have
three possibilities for 1 6 i 6 s.
Ifm = 1 then the factor 2 of n can appear either as a divisor of a or simultaneously
as a divisor of a − 1 and a + 1 so, we have two possibilities.
If m = 2 then the factor 22 can be a divisor of a or a− 1 (then 2 | a + 1) or it can
be a divisor of a + 1 (then 2 | a − 1), so we have 3 possibilities.
If m > 3 then the factor 2m of n can divide a or
2m−1 | a − 1 and 2 | a + 1
or
2m−1 | a + 1 and 2 | a − 1
or
2m | a − 1 and 2 | a + 1
or
2m | a + 1 and 2 | a − 1,
so we get 5 possibilities.
Using elementary combinatorics and realizing that all s + 1 factors of n =
2mpα11 p
α2
2 . . . p
αs
s cannot divide the same factor of the product (a − 1) · a · (a + 1),
we obtain 2 · 3s − 3 fixed points for n = 2pα11 p
α2
2 . . . p
αs
s and 3
s+1 − 3 fixed points for
n = 22pα11 p
α2
2 . . . p
αs
s and 5 · 3
s − 3 fixed points for n = 2mpα11 p
α2
2 . . . p
αs
s , m > 3.
The proof is completed since in every case 0, 1, n − 1 are also fixed points in the
digraph Γ(n). 
Theorem 2. The digraph Γ(n) is symmetric if and only if n ≡ 2 (mod 4).
P r o o f. If 4 ∤ n − 2 then (see Theorem 1) the digraph Γ(n) has an odd number
of fixed points. Hence, it cannot be symmetric.
Conversely, let n ≡ 2 (mod 4), then n is even and 12n is odd. Let Com(0),
Com(12n) be two disjoint components of Γ(n) containing the elements 0 and
1
2n,
respectively. Then Γ(n) − {Com(0), Com(12n)} is symmetric by Lemma 2. It is
enough to show that the subdigraph Com(0) is isomorphic to Com(12n).
If n is square-free then 0 is an isolated fixed point. We must show that 12n is
also an isolated fixed point. Assume that k3 ≡ 12n (mod n) for some odd k, where
3 6 k 6 n − 3. Then









n | k3 −
n
2
and n | k3 +
n
2
and consequently n | 2k3. The number n is square-free and n = 2k. Hence 12n is an
isolated fixed point in Com(12n).
In the other case, if n is not square-free then 0 is not isolated. Let
k3 ≡ 0 (mod n).
Then k must be even, i.e. k = 2j · c, where j > 1 and c is an odd number. The






k3 ≡ 0 (mod n) and l3 ≡ k (mod n) and l9 ≡ 0 (mod n),
where l = 2r · d, r > 1 and d is an odd number. Of course n ∤ l3 and that is why
n
2









From the above, there must exist f such that 3 6 f 6 n − 3 and









then c3 is an odd multiple of 12n and (2c)
3 is an even multiple of 12n. That is why





(mod n) and d3 ≡ c (mod n),
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Of course n ∤ d3 − 12n. So,
n
2
∤ d3 and n ∤ (2d)3.
Besides, n | d9 − 12n, d
9 is an odd multiple of 12n and
(2d)9 ≡ 0 (mod n).
Therefore, there must exist an even number k such that 2 6 k 6 n − 2,
k3 ≡ 0 (mod n) and (2d)3 ≡ k (mod n).
That is why every directed edge in the subdigraph Com(0) yields an appropriate
directed edge in Com(12n) and conversely, too. Finally, the subdigraph Com(0) is
isomorphic to Com(12n). 
It can be noticed that the digraph Γ(2k) for odd k always contains exactly two
copies of the digraph Γ(k). Hence, Γ(2k) is symmetric, for every natural, odd num-
ber k.
3. Connection with the Carmichael λ-function
Recall the definition and some properties of the Carmichael λ-function λ(n) which
was first defined in [2] and which modifies the Euler function ϕ(n).
Let n be a positive integer. The Carmichael λ-function λ(n) is defined as follows:
λ(1) = 1 = ϕ(1),
λ(2) = 1 = ϕ(2),
λ(4) = 2 = ϕ(4),
λ(2k) = 2k−2 = 12ϕ(2
k) for k > 3,
λ(pk) = (p − 1)pk−1 = ϕ(pk) for any odd prime p and k > 1,
λ(pk11 p
k2
2 . . . p
ks




2 ), . . . , λ(p
ks
s )),
where p1, p2, . . . , ps are distinct primes for ki > 1, i ∈ {1, . . . , s} and lcm(a, b) denotes
the least common multiple of numbers a and b.
By definition λ(n) | ϕ(n). Let t = ordn g denote the multiplicative order of g
modulo n (that means t is the least natural number such that gt ≡ 1 (mod n)).
The next theorem generalizes the well-known Euler’s theorem which says that
aϕ(n) ≡ 1 (mod n) if and only if gcd(a, n) = 1, where gcd(a, n) is the greatest
common divisor of numbers a and n.
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Lemma 4 (Carmichael’s Theorem, see [2] and [6]). Let a, n ∈ N. Then aλ(n) ≡ 1
(mod n) if and only if gcd(a, n) = 1. Moreover, there exists an integer g such that
ordn g = λ(n).
Theorem 3. Let n > 2. Then there exists a cycle of length t in the digraph Γ(n)
if and only if t = ordd 3 for some even positive divisor d of λ(n).
P r o o f. Suppose that a is a vertex of some t-cycle in Γ(n). Then t is the least
positive integer such that
a3
t
≡ a (mod n),
which implies that t is the least positive integer for which
a3
t
− a ≡ a(a3
t
−1 − 1) ≡ 0 (mod n).
Then gcd(a, a3
t
−1 − 1) = 1. So if n1 = gcd(a, n) and n2 = n/n1, then t is the least
positive integer such that
a ≡ 0 (mod n1), a
3t−1 ≡ 1 (mod n2)
and gcd(n1, n2) = 1. Hence, by the Chinese remainder theorem, there exists an
integer b such that
b ≡ 1 (mod n1), b ≡ a (mod n2).
Therefore, t is the least positive integer such that
b3
t
−1 ≡ 1 (mod n1), b
3t−1 ≡ a3
t
−1 ≡ 1 (mod n2)
and consequently b3
t
−1 ≡ 1 (mod n). Let Let c = ordn b. Then (using the elemen-
tary group theory)
c | 3t − 1 and 3t ≡ 1 (mod c).
If c is odd then from 3t ≡ 1 (mod 2) we get that t is the least positive integer such




2c, if c is odd,
c, if c is even.
Then by Carmichael’s Theorem (see Lemma 4) it follows that t = ordd 3 and d | λ(n).
Conversely, suppose that d is an even positive divisor of λ(n) and let t = ordd 3.
By Carmichael’s Theorem, there exists a residue g modulo n such that ordn g = λ(n).
Let h = gλ(n)/d. Then ordn h = d. We have d | 3
t − 1 and d ∤ 3k − 1 for 1 6 k < t.
So, t is the least positive integer for which
h3
t




≡ h (mod n).
Hence, h is a vertex of some t-cycle of Γ(n). 
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Corollary 2. Let m > 1. A Fermat number Fm = 2
2m + 1 is a prime number
if and only if the components of Γ(Fm) are cycles of lengths which are powers of 2
(except three isolated fixed points at 0, 1 and Fm − 1).
P r o o f. If a Fermat number is not a prime then it cannot be of the form pα,
where p is a prime and α > 1. Therefore, by Theorem 1, the digraph Γ(Fm) contains
more than 3 fixed points.
Now, let Fm be a prime number. Then, by Theorem 3, there is a cycle of length
t in Γ(Fm) if and only if t = ordd 3 for some divisor d of ϕ(Fm) = 2
2m . Of course,
the order t of 3 in the multiplicative group of vertices of Γ1(Fm) must be a divisor
of the group order equal to 22
m
. Hence, t is a power of 2 and the only cycles of odd
length are the fixed points equal to 0, 1, and Fm − 1. 
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